Recent inelastic neutron diffraction measurements on Cr 2 (Te, W, Mo)O 6 have revealed that these systems consist of bilayers of spin-3/2 Cr 3+ ions with strong antiferromagnetic inter-bilayer coupling and tuneable intra-bilayer coupling from ferro (for W and Mo) to antiferro (for Te). These measurements have determined the ground state spin structure and the values of sublattice magnetization, which shows significant reduction of sublattice magnetization from the atomic spin value of 3.0µ B for Cr 3+ atoms. In an earlier paper we theoretically investigated the low temperature spin dynamics of Cr 2 TeO 6 bilayer system where both the intra and inter-bilayer couplings are antiferromagnetic. In this paper we investigate Cr 2 WO 6 and Cr 2 MoO 6 systems where intra-bilayer exchange couplings are ferromagnetic but the inter-bilayer exchange couplings are antiferromagnetic. We obtain the magnon dispersion, sublattice magnetization, two-magnon density of states, longitudinal spin-spin correlation function, and its powder average and compare the results for these systems with results for Cr 2 TeO 6 .
tization, which shows significant reduction of sublattice magnetization from the atomic spin value of 3.0µ B for Cr 3+ atoms. In an earlier paper we theoretically investigated the low temperature spin dynamics of Cr 2 TeO 6 bilayer system where both the intra and inter-bilayer couplings are antiferromagnetic. In this paper we investigate Cr 2 WO 6 and Cr 2 MoO 6 systems where intra-bilayer exchange couplings are ferromagnetic but the inter-bilayer exchange couplings are antiferromagnetic. We obtain the magnon dispersion, sublattice magnetization, two-magnon density of states, longitudinal spin-spin correlation function, and its powder average and compare the results for these systems with results for Cr 2 TeO 6 . 
I. INTRODUCTION AND FORMALISM
Exploring the dynamics of quantum spins with competing interactions and geometrical frustration has been one of the most exciting areas of theoretical and experimental research over last several decades.
1-10 A subset of this research is understanding the physics of interacting quantum spin dimers (QSD), where the intra-dimer interaction is antiferromagnetic (strength J). [11] [12] [13] By tuning the geometry and the strength of inter-dimer coupling (j), the system can go from strongly fluctuating zero-dimensional to quasi n (n = 1, 2, 3) dimensional system, accompanied by dramatic changes in spin dynamics.
12,14
Some of the interesting observations for the ground state of interacting quantum spins (IQS) are: absence of long range order (LRO) and long range quantum spin entanglement
i.e. a liquid like structure (for example, Haldane state for 1D chains with integer spins, Luttinger Fermi-liquid for half-integer spins) in 1D even at T = 0K or dramatic reduction in the LRO moment in 2D due to quantum fluctuations. The excitations also span a broad range, from spinons to triplons to magnons. These theoretical developments have lead to the synthesis of many interesting insulating magnetic systems where the spin dimensionality, space dimensionality, inter-spin coupling can be tuned. Experimental studies in these systems have deepened our fundamental understanding of the physics of IQS systems.
3-5,11,15-17
In a particular class of IQS, one of present interest, the system consists of quantum spin dimers (QSDs). Depending on the nature of the super exchange coupling between the localized magnetic moments, the dominant interaction is the intra-dimer coupling J. In this case, the magnetic centers are QSDs with antiferromagnetic J weakly interacting with each other through j. If, on the other hand, the interaction between the QSDs is stronger than J, then the system can be thought of as 2D ferro-or antiferro-magnetic sheets with antiferromagnetic inter-sheet coupling. In fact, by manipulating local chemistry one can tune this coupling from F to AF, going through effectively non-interacting (j = 0) QSDs.
12,14
The focus of this paper is to explore the effect of changing the sign and strength of j on the ground and excited states using the example of a Cr based system, Cr 2 XO 6 (X= Te, W, Mo). On theoretical ground one expects the system to undergo a quantum phase transition from a quantum disordered state to a state with LRO as |j| is increased. The latter state supports magnon excitations. If one is not too far from the critical region then the resulting soft magnons reduce the LRO moment. How the magnon dispersion and reduction in the moment depends on the sign of j are interesting questions that we explore in this paper. It is experimentally found that in Cr 2 TeO 6 , j is anti-ferromagnetic whereas in Cr 2 WO 6 and Cr 2 MoO 6 , j is ferromagnetic. 14 This unusual observation was explained by ab initio density functional theory based calculations of different magnetically ordered states in these compounds, and was ascribed to the presence of low energy unoccupied d-states in W and Mo, an idea similar to d-zeroness in ferroelectricity. 18 In spite of the fact that J is the dominant exchange coupling, due to sufficiently large |j| and the number of inter-dimer bonds, these systems show LRO and the excitations are magnon-like. In addition to magnon modes there is strong experimental evidence of Higgs-like amplitude modes, a characteristics of interacting QSDs.
14 Here we will discuss only the magnon-like excitations. The case of antiferromagnetic j has been extensively discussed in an earlier paper by us. 19 In this paper, we will discuss the results for the ferromagnetic case briefly focusing on the similarities and differences between the two cases.
In Fig. 1 Cr3 and Cr4 spins. The inter-bilayer AF coupling J comes through Cr1-Cr3 and Cr2-Cr4 dimers. The NN intra-bilayer ferromagnetic coupling j is between Cr3-Cr4 and Cr1-Cr2.
Estimates of exchange parameters from high temperature thermodynamic measurements 21 indicate that |j|, |j ′ | << |J| -so these systems can be regarded as weakly interacting quantum dimers.
In this paper we calculate magnon dispersion, sublattice magnetization, two-magnon density of states, longitudinal spin-spin correlation function, and it's powder average using linear spin-wave theory. 6,9 Our current work is for a completely different class of systems with different ground state spin configuration than our recently published work on Cr 2 TeO 6 . 19 In this paper we briefly provide the theoretical formalism in Appendix A and present only the relevant equations and results pertinent to the current systems. 
A. Magnon Dispersion and Sublattice Magnetization
The Heisenberg Hamiltonian of systems with F intra-and AF inter-bilayer couplings j, j ′ , and J (j, j ′ , J > 0) has the form
with
After Holstein-Primakoff transformation 22 and Fourier transform, the quadratic part of the Hamiltonian represented in terms of interacting bosons a and b takes the form (the details are shown in Appendix A):
where,
Above, η = J/j and η ′ = j ′ /j. H 0 in Eq. (3) can be succinctly written as
where H T 1 is the transpose of H 1 . In the Fourier transformed basis X k = (a
and
Next, we diagonalize H 1 by transforming the operators a k and b k to magnon operators α k and β k using the following generalized Bogoliubov (BG) transformations [23] [24] [25] [26] :
The elements of the transformation matrix ℓ (1,2)k , ℓ
The quadratic Hamiltonian after diagonalization becomes:
H T 1 has the same structure as H 1 . The two roots in Eq. (8) are:
For our case, the eigenvalues for the α and β magnon branches (a low energy acoustic branch and a high energy optic branch) simplify to
and the quasiparticle energies E
(1,2) k for these magnons are given by:
The second term in Eq. (8) is the quantum-zero point energy, which contributes to the ground state energy. In order to understand the physical origin of the two modes with frequencies ω
(1) k and ω
k , each two-fold degenerate (for the full quadratic H 0 ), we start from the limit when the inter-bilayer coupling J = 0 and then introduce nonzero J. When J = 0, we have two decoupled ferromagnetic bilayers. In anticipation of antiferromagnetic J, we denote one bilayer spins "up" (α-magnons) and the other bilayer spins "down" (β-magnons).
They are of course degenerate, each with two modes of frequencies ω with larger unit cell (two spins/unit cell) we get two branches. For simplicity, we can refer to these two branches as acoustic and optic branches in analogy with phonons. Thus in the limit J = 0, we have a two-fold degenerate acoustic branch (one α and one β) and a two-fold degenerate optic branch (one α and one β). When we turn on J, the degenerate α and β branches mix and give rise to new α and β branches which preserve their double degeneracy because of time-reversal symmetry, similar to the case of magnons in a simple antiferromagnet.
The normalized sublattice magnetization m s = M s /M 0 (where M 0 = gµ B ) for the Asublattice can be expressed as
δS corresponds to the reduction of magnetization within linear spin-wave theory (LSWT) and the summation over k goes over the entire Brillouin zone corresponding to the tetragonal unit cell (a, a, c). The Bogoliubov coefficients m 1k and m ′ 1k in Eq. (13) are given in Appendix B.
B. Two-magnon density of states (TM-DOS) and Longitudinal spin-spin correlation function (LSSCF)
TM-DOS associated with the four magnon branches (i, j = 1, 2) are given as:
DOS 11 , DOS 22 are the intra-branch and DOS 12 , DOS 21 are the inter-branch density of states.
Longitudinal spin-spin correlation function L s (k, ω) is the sum of the weighted δ-functions arising from these four density of states. LSSCF is defined as
Here R i is the position vector of the i-th unit cell and τ µ are the positions of the four Cr-atoms in the unit cell. The position of the Cr-atoms are respectively: Cr1:
Cr2: τ 2 = (a/2, a/2, δ/2), Cr3: τ 3 = (0, 0, c/2 + δ/2), and Cr4: τ 2 = (a/2, a/2, c − δ/2) [See 
where spins for each of the sublattices 1, 2, 3, 4 after Fourier transform become:
f µk = e −ik·τµ takes into account the relative phases of the different magntic atoms inside the unit cell. The total spin can now be written as:
Using BG transformations we express S z (k) in terms of the magnon operators α and β. The 
where the weights D ij k,k+p are defined as,
Smooth TM-DOS and L s (k, ω) are obtained by replacing the δ-function by a Gaussian with a constant broadening width σ:
This Gaussian function accounts for three purposes: (1) finite experimental resolution, (2) experimental uncertainty in the determination of the continua, and (3) finite life time of the measured excitations induced by finite temperature and/or by disorder in the sample. 27 The powder average of the longitudinal spin-spin correlation function is obtained by averaging over the angles θ and φ for a given value of Q:
II. RESULTS
A. Magnon Energy Dispersion
Our tetragonal unit cell contains four Cr spins (two up and two down) -so there are two α and two β branches for each k. Each branch is two-fold degenerate corresponding to α and β magnons.
hand because of the degeneracy between α and β for the antiferro (AF) case, the mapping gives a two-fold degenerate mode. When we turn on the inter-bilayer AF coupling the α and β degeneracy does not split the two modes into four modes. If on the other hand, the inter-bilayer couplings were ferromagnetic one would have seen four modes corresponding to four ferromagnetically oriented spins per unit cell. The absence of k z dependence is obvious as with η = 0 there is no coupling between the layers along the z-direction. Introduction of a nonzero NNN exchange coupling η ′ brings in dispersion along (π/a, 0, 0) to (π/a, π/a, 0).
In Fig. 3b we show the effect of introducing inter-bilayer AF coupling η (for simplicity we chose η ′ = 0). Non-zero η couples the intra-bilayer modes, leading to acoustic (Goldstone modes, ω
k → 0 as k → 0) and optic modes (ω Both the optic and acoustic branches are dramatically different.
As an example, consider the dispersions for the Goldstone mode for both F-AF and AF-AF (Ref. 19 ) systems with non-zero small k (we kept η ′ = 0 for simplicity):
For small k x , k y with k z = 0 (dispersion in the basal plane) ω
For ka << √ 4η, the dispersion is linear corresponding to AF magnons which behave like ferromagnetic magnons for ka >> √ 4η. The crossover occurs for the wave-vector k c ∼ √ 4η/a. As seen in Eq. (24a) a quadratic dispersion for η = 0 starts to develop a linear term as η becomes non-zero. We also note that for k x = k y = 0 the dispersion is linear in k z with finite η as seen in Fig. 3 for the region (0, 0, π/c) → (0, 0, 0). This is in sharp contrast to the AF-AF system (Eq. (24b)) where a linear dispersion for η = 0 remains linear when η becomes finite (see Fig. 2b in Ref. 19 ).
Single crystal neutron scattering measurements should be able to detect these features. 
C. Two-Magnon Density of States (TM-DOS)
The longitudinal spin-spin correlation function L s (k, ω), which is directly probed in inelastic scattering measurements depends sensitively on TM-DOS. The latter are calculated for different k-values by numerically evaluating the internal three-dimensional momenta p 
on a mesh grid of size L×L×L, where L = 256. A Gaussian function of width σ = 0.075 (in units of frequency ω) is used to broaden the δ-function. In Fig. 5 , we present all four twomagnon DOS(k, ω) for η = 0. As discussed earlier, in the absence of inter-bilayer coupling one has ferromagnetic magnons associated with the two branches of the dispersion shown in Fig. 3a . Although the two intra-mode TM-DOS, DOS 11 (k, ω) and DOS 22 (k, ω) are different, the two inter-mode TM-DOS, DOS 21 (k, ω) and DOS 12 (k, ω) are equal.
Next, we discuss the case when inter-bilayer coupling is nonzero (η = 0). Since in the Cr 2 (W, Mo)O 6 systems, |J| is much larger than the intra-bilayer coupling |j| we choose η = 10 and still keep η ′ = 0 for simplicity. In Fig. 6 and Fig. 7 , we plot the (k, ω) dependence of DOS 11 , DOS 22 , DOS 21 , and DOS 12 . The equality DOS 12 (k, ω) = DOS 21 (k, ω) for any k is still preserved for non-zero η. In Fig. 6 , we choose k z = 0 and study the (k x , k y ) dependence and in Fig. 7 , we show the effect of k z on all four TM-DOS. Consider the evolution of the four TM-DOS as a function of k z with k x = k y = 0 as shown in Fig. 6a1-d1, Fig. 7a1-d1 , and Fig. 7a2-d2 . Especially consider the peak intensity (at 19.6jS) for the inter-band density of states DOS 12 (=DOS 21 ).
The intensity is ∼ 32 for k x = k y = k z = 0 [ Fig. 6c1 ] whereas it decreases to ∼ 15 (at 19.6jS) Fig. 7c1 ]. Interestingly there is no change in the peak intensity for DOS 11 and DOS 22 [ Fig. 7a1-b1 ]. 
The plots show the k z dependence on the four DOS.
D. Longitudinal spin-spin correlation function (LSSCF)
In Fig. 8a-i , we show the k-dependence of LSSCF L s (k, ω). As seen in Eq. (20), contributions from different two-magnon excitations get weighted by the associated weights
. This leads to different energy dependence of LSSCF compared to that of the total two-magnon DOS. In Fig. 9 we show both L s (k, ω) and the sum of the four DOS ij (k, ω) for k = 0 and k x a = k y a = k z c = π. Both L s (k, ω) and DOS ij (k, ω) show similar features. However the intensity of the peak in L s (k, ω) is reduced significantly, which shows the effect of the weights. Another interesting feature is that L s (k, ω) has only one peak at ω = 1.4jS(4 + η) = 19.5jS for k = 0 [ Fig. 8a ], whereas for k x a = k y a = k z c = π two peaks emerge, one at ω = 1.0jS(4 + η) = 14.6jS and the other at ω = 1.74jS(4 + η) = 24.4jS [ Fig. 8g ]. The formation of two peaks from a single peak in L s (k, ω) can be seen in Fig. 8 .
Finally, we plot the angular average of L s (k, ω) for different magnitudes of |k| = Q in 
III. COMPARISON BETWEEN F-AF AND AF-AF BILAYER SYSTEMS
In our previous work we studied the low-temperature magnetic properties of the Cr 2 TeO 6 bilayer system where both the intra and inter-bilayer couplings are antiferromagnetic. 19 In this paper we have discussed the magnon dispersion, two-magnon density of states, and longitudinal spin-spin correlation function in the leading order approximation for Cr 2 WO 6
and Cr 2 MoO 6 coupled bilayer systems where inter-bilayer NN coupling is antiferromagnetic but intra-bilayer coupling is ferromagnetic. We have also investigated how a small intrabilayer NNN ferromagnetic coupling affects the above properties.
We find that F-AF system differs in several ways from the AF-AF system studied in the earlier paper. 1. For the F-AF bilayer system the two magnon branches with frequencies ω One more difference is that for the AF-AF system the intensity increases with increase in the magnitude of k, whereas for the F-AF system it first decreases and then increases as we approach the zone boundary at Q = 1.5π/a.
IV. CONCLUSIONS
In this article we studied the magnetic properties (magnon dispersion, suppression of long range order by quantum spin fluctuation, two-magnon density of states, longitudinal spinspin correlation function and its angular average) of Cr 2 WO 6 and Cr 2 MO 6 , which are bilayer systems of antiferromagnetically coupled (strength J) quantum spin-3/2 dimers interacting through 2D ferromagnetic coupling (strength j). In addition to J and j, there is also a small inter-dimer longer range ferromagnetic coupling (j ′ ) whose magnitude is much smaller than J and j. For convenience we will consider j ′ = 0. In a recent paper [Ref. 19] , we discussed the magnetic properties of a related system, Cr 2 TeO 6 , where the dimers are coupled antiferromagnetically. There are many similarities and differences between the two cases (F-AF and AF-AF). In the limit J = 0, W and Mo systems reduce to non-interacting 2D ferromagnetic (F) sheets whereas the Te system reduces to non-interacting 2D antiferromagnetic (AF) sheets. The magnon dispersions are therefore qualitatively different, for small k (linear for AF and quadratic for F sheets). In addition the total magnon band-width (in unit of jS)
is 4 for AF and 8 for F. However, the intra-dimer AF coupling is dominant, J ∼ 10j, and it controls the magnon dispersion. In this limit, magnon dispersions are qualitatively similar reduction (see Fig. 4b ). Finally for the angle averaged longitudinal spin-spin correlation function L s (Q, ω) the scattering intensity is a factor of 10 stronger for the W/Mo system compared to the Te system, again a result which can be verified experimentally.
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H cl represents the classical ground state (mean-field) energy and it is not relevant for the quantum fluctuations, so we do not discuss it further. H 0 in Eq. (A3b) is the quadratic part of the Hamiltonian. In Eq. (A3a), the parameters η = J/j, η ′ = j ′ /j and N = N x N y N z is the total number of unit cells. Next the real space Hamiltonian is transformed to momentum space using the Fourier transformation for each ℓ-th spin:
Furthermore we have rescaled the operators a, b as
where δ is the inter-dimer separation (Fig. 1) . In momentum space the quadratic Hamiltonian is shown in Eq. (3).
Appendix B: Coefficients for Bogoliubov transformation
First we define the following functions:
V 1k = (γ 1k + γ * 1k )γ 2k + ω
(1)
then the coefficients for the BG transformaitons are -
where the normalization factors N 1k , N 2k are given by: 
